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We consider in the following a membrane shell, with one or two rigid
heads, in the state of equilibrium with large displacements and deforma-
tions; the shape of the shell in the unloaded state is defined by rota-
tion of an arbitrary smooth contour, and it is supposed to be loaded by
internal pressure, varying in axial direction, and by forces applied to
the heads. The material is considered to be incompressible, and its
mechanical properties are determined by the mutual dependence between
the stresses and the true (logarithmic) deformations. In addition to the
hypotheses, which represent the foundation for the relations connecting
these quantities with each other (see [ 1,2 1), the conventional assump-
tions are used, generally accepted in the theory of thin membrane shells.
Similar problems were studied earlier (see bibliography in[3 ] and
[41) with some specific simplified formulations, like the case of in-
extensible material or the case of "equal strength", etc. We shall de-
rive below the fundamental systems of equations, to the solution of
which the problem is reducible, and the case of a shell of originally
cylindrical shape will be considered in detail. This latter problem was
discussed earlier for the case of uniform pressure [ 4 ]. References [ 5 ]
to [ 7] deal, on the basis of the same fundamental assumptions, with the
problem of deformation of a membrane loaded by uniform pressure.

1. Basic conditions and relationships. Two zones are formed
in a shell in the most general case of equilibrium: a zone of tension
and a zone of "folding" [3 1. The former is characterized by appearance
of positive principal curvatures and positive principal stresses, while
in the latter the circumferential stress is to be considered equal to
zero, the shell shows folds, and there arises some kind of a system of
filaments under transverse forces and external tension.
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Consider a shell (Fig. 1), referred to a system of dimensionless
cylindrical coordinates x4 z invariably fixed
at one of the apexes. Call ¢ and 7 the values
of x and y, respectively, for the undeformed
shell. The relations comnecting these coordi-
nates with the corresponding dimensional co-
ordinates X, Y, r, { shall be stated by means
of the formulas

%

X Y
x-"—"—'K.A, y=—,R_1A (1.1)
r _ £
E= A A, n= R A
where R, represents some characteristic

initial dimension of the shell, while 4 is an
arbitrary dimensionless parameter.

The initial shell profile shall be given
by the formula Fig. 1,

n = @ (&) (1.2)

The principal "true" extensions and shears are defined by

g, =In (1 + e), e2=1In(1 +e), & =In(1-+ e

_ '1—‘—6; - 1+ez - 1+€3
sz—mm: 'I’23-—1I11+es, T31—1Rm (1.3)

where €y, €5, €3 are the usual extension components. The principal shear
stresses are

GL— Gy Oy — C3 O3 - Oy

Tig =~ Ty = —5—, T = T (1.4)

where 0, and o, are the meridional and the circumferential stress,
respectively.

The diagram of the "true" shear shall be approximated by the curve
) c M
Y =sign 7| £ | (1.5)

where K and p are constants derived from the conditions for the best
approximation. Replacing y by the principal shear of maximum magnitude
and r by the corresponding principal shear stress with o, assumed to be
zero, we find

pr = {81 — e3)*  for || >|pl
P = (€2 — &)*  for |p:I>|p|

Note that if we assume g = 1 we will have to do with an elastic shell

Oy

(PI = .‘;_I;" P:= 3 (1.6)
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of incompressible material; the difference between the two cases dis-

appears, p; and p, follow directly from (1.6), and K becomes the shear
modulus.

Assuming that the principal shear stresses are proportional to the
principal true shears, we find that

D _hh (1.7
P2 &2 —E3 )
The condition of incompressibility of the material gives
81+ 8 + e =90 (1.8)

We may use instead of (1.5) an analogously approximated relationship
between the stress intensity o, and the intensity ¢ ; of the "true" de-
formations

o= ()" (1.9)

i
where K; and p are constants. Then replacing by p; and p, respectively,
the quantities o, and o,, referred to K;, and using (1.7) instead of
(1.6), we obtain

po=2eri(er —es), pr= 2 el (e2 — e9) (1.10)

Note that, inasmuch as 0, = 0 and the material is incompressible

0; = Kz‘zt]/(m — 02)2 + (02 — 03)F + (03 — 01)* = YV 01® + 022 — 0100
e \ (1.11)
g= 1V (o1 — e2)® + (62 — &3)° 4 (es — e1)’ = Vi Vel + es? + ets

In this case we arrive at the relations valid for an elastic shell by
putting K, equal to the modulus of elasticity and u equal to 1.

Denote by: S; the curvilinear coordinate measured along the arc of
the meridien after deformation; S;, the same coordinate before deforma~
tion; H the thickness of the shell after deformation; and H; its value
in the initial state. Then we will have in the zone of tension

A8 —dSy _ dXcosy 1 ”ﬁgcostp_i

& = dS1 T dreose T dE cos¢
X —r z H—H
g2:——r _'——-g————i, 33: Hlli’::h““i

where ¢ is the angle between the tangent to the meridian curve and the
plane normal to the axis of the shell, while ¢ represents the value of
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the same angle for the initial shape of the shell and h is the latter’'s
dimensionless thickness. The formulas for e, and e; can be used also in
establishing expressions for the deformations in the folded zone. Ulti-
mately, we obtain for the zone in tension

d
81=ln<%%/, £y = ln€ eg=1Inh (1.12)

where, by virtue of (1.2), cos ¥ is a given function of £.

2. Fundamental systems of equations. The equilibrium equations
of a shell element in the zone of extension can be written, in the case
of variable shell thickness and pressure, in terms of dimensionless co-
ordinates and quantities, in the following manner:

d d .
7 @) = o, Lhpsing) =P (0 @) =gt a)  21)

The function q(y) represents here the pressure intensity. Taking into
account that

d
= =tangp (2.2)

we can derive from Equations (1.7), (1.8), (1.12), (2.1), taken in con-
junction with one of the relations (1.6), a system of four differential
equations of the first order for x, y, ¢ and h considered as functions
of £ at a given Q(y). In the case of p, » p, the system just mentioned
will be of the form

de _ § cos@ dy _ & sing
dt = wzh cosy’'  dE ~ xh cosy
do _ & 3 QW (1, B\ smtp z
dg xhcosw( xh_2> l: (1 xh_2> In §h] (2.3)
dh _ pathoosp—E [+ In (a7 /8] cos g '
43 «% [20 + In (zh?/ )] cos P
The dimensionless expressions for the stresses will be
n g \»-1
D1 = (In ﬁ%) , Pa= <ln ;}ﬁ> 1n—§—h— (2.4)

In the case of p, > p; the last two formulas of the system (2.3) are
to be replaced by the following:

3%= xhc%)stp <lnxiz) [Q(y) (ln§h> - Sualccpl §h]
dn x%(plnT—Blnh)cosqp §2<p,ln?—3lnh—ln T In gh)cosq)

- x2§[3ln€+<p.—lnﬁ)ln?z]cosw

(2.5)

ag
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where
= (ln _é%)p—l lnx—% s P2 (ln g%)p (2.6)

Considering the folded zone, we introduce the concept of a certain
defining surface, the surface which would be generated by a system of
filaments under pressure, acting in the folded zone of the real shell.
At one end this system of filaments absorbs the tension corresponding to
the meridional stresses in the zone under extension at p, = 0, at the
other end the filaments are attached to the rigid head of a given radius.

In the following we shall denote, with reference to the folded zone,
by x and y the coordinates of the determining surface and by ¢ the angle
between the tangent to its meridian curve and the plane normal to the
axis of the shell. Disregarding the difference in curvatures of differ-
ent meridians of the actual middle surface for one and the same y, con-
sidering the slope angles of their tangents to be equal to ¢ and assum-
ing that the dimensionless thickness of the shell and the amount of the
meridional stress do not vary with varying @, we can obtain the funda-
mental system of equations for the determination of x, y, ¢ and h in
terms of £, using the same original equations and relationships as in
the zone under extension. To this end we have to take

ps=0, 8 —¢e=20 (2.7)

The latter relation will be used for determination of €, inasmuch as,
with reference to the folded zone, the second of Formulas (1.12) cannot
be used any more.

As a result of the transformations we obtain the system

de __ cos@ dy _ sing
dE ~ R%cos¢’' dE  hPcosy

(2.8)

ffg_______ Q) 27 B
dg AR (—3Ink) cosy P (—=3nh) g =c

where ¢ is a constant to be determined from the conditions of continu-
ity of h at the separation line between the two zones.

We note that the same system can be obtained also immediately from
the equilibrium equations of an element of the folded zone in connection
with the condition (1.8), the first and the last of the relations
(1.12), the first of Formulas (2.4) and the equalities (2.7), if the
assumptions and simplifications are taken into account which we have in-
dicated above,

In each actual problem, i.e. for a definite law of variation of
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pressure, for any given material and given initial shape and correspond-
ing boundary conditions, we obviously can obtain the solution by means
of numerical integration of the aforementioned fundamental systems and
thus determine the shape and the thickness of the shell as well as the
principal stresses.

The separation line between regions in the zone of extension is de-
fined as the parallel along which p, = p,, the separation line between
the zones is determined by the condition p, = 0 applied to Equations
(2.3). The continuity conditions for x, y, ¢ and h serve as matching
conditions along the separation lines.

If the shell has one head only, with the origin of the coordinates
located at the apex of the head (see Fig. 1), we shall have at this apex

wzy:(ngz(), h=h0

Removing the indeterminacy, we find

(o 9% s
lm g —lmg =h
0 _ dh
%L‘? ag = SE (= Flnhe) ¥, limge =0

where hy must be considered as a parameter.

We note that if the shell is loaded by uniform pressure only, then
Q = gR,/2KH, = const, there is no folded zone, and the system (2.3), or
the one which is its analog for the case p, » p;, undergoes substantial
simplification: it reduces to three equations for x, y, h, inasmuch as
the second of Equations (2.1) is integrable by quadratures. On the basis
of the latter equation we find

. Qx
SN P = Z:A—pl—h (2.9)
where p, is expressed by the first of the two equations (2.4), or if

Py > Py by the first of the equations (2.6).

It must be noted that even if the fundamental relationships between
the stresses and deformations are considered to be valid at arbitrarily
large deformations, there will always exist some value Q= Q  of the
characteristic loading parameter which, if surpassed, makes the solution
that we have suggested invalid, since it is then impossible to realize
the equilibrium of the shell without violating the original assumptions.
It is natural to expect that at Q= Q_ a localization of the deforma-
tion will take place with rise of "bubbles"”, etc. — loss of stability of
deformation in extension, analogous to the rise of a neck in a specimen

in tension. Some of the simplest examples of determining Q ,  are
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discussed in [8,9 ], without, however, taking into account the change of
shape of the shell preceding localization of deformation.

We shall illustrate the considerations just presented with the
example of a spherical shell acted upon by uniform internal pressure*.

Denote by p the ratio of the radius R of the shell after deformation
to the initial radius R,. By virtue of symmetry we must have

Pr=p, e =¢ =Inp

From these relations we derive on the basis of (1.6), (1.8) in con-
nection with the last of Formulas (1.12) and Equation (2.9), taken with
A=1

2(31n p)*
h = 2 p1=(3]np)py Q:‘_%_

Using these formulas we can find the radius of the shell, its thick-
ness and its principal stresses for any given loading. We easily find
here also the aforementioned greatest possible loading Q, as well as
the corresponding values p = p_and h = h_; so we obtain

ax’

B
Omax = 2(%) , Pyt B = e

3. Shell of initially cylindrical shape. The problem under-
goes here considerable simplification. We shall restrict ourselves to
the study of the case that there is no folded zone. In this case we
obviously have ¢y = 1/2 # and £ = A. It is convenient to take A = 1; then
R, will represent the radius of the initial shape of the cylinder. The
deformation is defined by the formulas

dr 1
81:]n<fi—§cosq)>’ gg=1Inz, e;=1Ink 3.1)

The equilibrium equations assume the form

2 (ahp) = poh, % (ahpising) = Q () = (3.2)

where Q(y) is expressed in the same way as in (2.1). Equation (2.2) re-
mains, of course, valid. We obtain on the basis of (1.8) and (3.1) the
relation

__cosQ
= — (3.3)

SAR=W
.:lbl

* We find in [ 10 ] an analogous problem treated for the case of linear
relation between stress and deformation.
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Passing to the argument ln x in the equations for the zone in tension,
assumed to be solved for the derivative dh/d¢, and setting for abbrevi-
ation In x = a, ln h = 8, we find:

for pl > p2
g __ B+ 20+ B
da  2p a2 (3-4)
with
pr=(—a—2§p,  pp=(—a—20""(a—B) (3.9)

Noting that ¢, = 0 and consequently p, = 2p, when x = 1, at the
attachment of the shell to the head, we write the solution of Equation
(3.4) in the form

@+ @ Fpat @ +pt=EG +n? (3.6)

where 8 = In h; represents the value of In h at x = 1.
For p, 5 p, we have

B _ plet2)—3B+@—8) 22+ 3.7
da " p@+2B)— 3% — (a— B) (@ +28)

with
n=—@+28)@—pr1 p=(c—pH (3.8)
Equation (3.7) can be integrated numerically.

We see that independently of the law of variation of pressure along
the height, the fundamental system separates, the dimensionless thick-
ness of the shell and the dimensionless principal stresses, expressed in
terms of the radial coordinate, depend only on the parameter p, which
characterizes the material, and the parameter h;, which takes care of
the influence of all other factors (ratio of the dimensions, their abso-
lute values, the pressure characteristics, etc.).

Equations (3.4) and (3.7) are equivalent, respectively, to the cor-
responding equations derived in [4 ]; the integral curves h(x), derived
there and plotted for p = 1/3, can therefore be directly used in this
case even if Q # const,

We note that if use is made of the relationship (1.9), then the
fundamental system for shells of initially cylindrical shape separates
too. On the basis of (1.10), (1.8), (1.11), (3.1) and of the first of
Equations (3.2), we obtain, instead of (3.4) and (3.7), one equation
(since the relationship between p; and p, is of no significance):

4B __ _ p(a+28) 2a+ B)—3aB 42 (2a + B) (a2 + B+ af)
da B (o + 2B)F 4- 3a® +- 2 (o + 2B) (2® + B2+ aB)
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This equation, too, can be integrated numerically, setting 8=,
In hy at a = 0.

Having the curves h(x), we can obtain the complete solution in a
majority of actual problems by means of simple

operations, AN T4
o8 |
On the basis of the second of Equations (3.2) !
we obtain i
x 0.7 |
. 1 : g\
sin @ = WIS Q (y) 2dz (3.9) 3 \2
1 o6r T
This equation must be treated in conjunction :
with Equation (2.2), and the solution is obtained 05} :
with the aid of Formulas (3.5) or (3.8) for p,. |
At the same time 1 is determined by means of the ouk :
quadrature ) {
. L 107207H 18
N L !
- & i (3.10) 03 !
1 N
which follows from (3.3). o2t S :
!
In the case of constant pressure the system m&&
(3.9) to (2.2) separates too, and y is determined 27 |
by quadrature. Let us consider the case of pres- :
sure linearly varying with Y. Let 0&\3&\&\3 A1z
b~—1].0
q(Y) =k (B —7Y)
Fig. 2.

where k and B are given constants. We set

B

R,
Q=201

and on the basis of {3.9), (2.2) and (3.10) we find with the use of the

argument y, which is more convenient for the computations

. kRB
= b xE = @

Then

u

4 y
‘ 1 ¢ d )
sing = Zb?):H[m(b—y)’%‘Tngdy]» ggﬂcotq?, n=& = dy (3.11)
0

sing
0
The system (3.11) can be solved numerically very simply. It should be
noted, however, that as in the problem with ¢ = const, the parameters
hy, b and Q, cannot be prescribed arbitrarily. For each type of problem
we have first to find limits for possible values of these parameters.
Reference [4 ] indicates in a detailed manner the method for determina-

tion of such limits.
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We give below the results of the solution of the equilibrium problem
for a shell fixed along the periphery of one of its heads; the shell is
acted upon by pressure linearly varying along its height. The computa-
tions were carried out for the cases b = 2 and b = 3 with the selected
values Q) = 1.12 and h = 0.8 at u = 1/3.

Figure 2 shows the shape, assumed by the shell, and its character-
istic dimensions (referred to R,;) in the first case; these dimensions
are the initial length I,, the final length I, the radius xp of the
largest parallel circle and the distance ! — yp of the latter from the
upper fixed head.

For the case b = 3, the following values have been computed:
L = 0.561, I = 0.675, z, =.1.069, ! — y, = 0.375.

The values of the dimensionless stresses and thickness at the points
A, B, C (Fig. 2) are given in the following table:

b=2 l b=3
Points D1 ‘ Pe ’ h Ps | P2 | h
A aﬂdc’ 0.764 l 0.382 l 0.8 ’ 0.764 i 0.382 ’ 0.8
B 0.784 0.559 0760 | 0783 | 0554 | 0.761
BIBLIOGRAPHY

1. Davis, E., Yielding and fracture of medium carbon steel under com-
bined stress. J. Appl. Mech. No. 1, 1945,

2. Nadai, A., Plastichnost’ i razrushenie tverdykh tel (Plasticity and
Fracture of Solid Bodies), Vol. 1, IIL, 1954.

3. Alekseev, S.A., Kol’'tseobraznaia uprugaia membrana pod deistviem
poperechnoi sily prilozhennoi k zhestkomu tsentral’no raspolozhen-
nomu disku (Elastic ring membrane acted upon by a transversal
force applied to a rigid centrally located disk). Inzh. Sb. Akad.
Nauk USSR Vol. 10, 1951.

4, Grigor'ev, A.S., Napriazhennoe sostoianie bezmomentnykh tsilindri-
cheskikh obolochek pri bol’shikh deformatsiiakh (State of stress
in cylindrical membrane shells at large deformations). PMN Vol. 21,
No. 6, 1957,



1628

10.

A.8. Grigor’ev

Weil, N.A. and Newmark, N.M., Large plastic deformations of circular
membranes. J. Appl. Mech. No. 4, 1955,

Keppen, I.V., Bol’shie progiby krugloi plastinki pod deistviem rav~
nomernogo raspredelennogo davleniia (Large deflections of a
circular plate under the action of uniformly distributed pressure).
Nauch. trud. MPI No. 7-8, 1957.

Keppen, I.V., Konechnye deformatsii bezmomentnoi obolochki vra-
shcheniia pod deistviem gidrostaticheskogo davleniia (Finite de-
formations of a membrane shell of revolution under the action of
hydrostatic pressure). Sb. Raeschety na prochnost’ (Collection
Stress Analysis), No. 6. Mashgiz, 1960,

Lankford, W.T. and Saibel, E., Some problems in unstable plastic
flow under biaxial tensions. Metals Technol. August, 1947.

Marciniak, Z., Analiza Statesznosci cienkosciennej powloki walcowej
poddanej rozciaganiu w stanie plastycznym. Rozprawy inzynierskie
110, 1959,

Rzhanitsyn, A.R., Ustoichivost’ ravnovesiiec uprugikh sistem (Equi-
librium Stability of Elastic Systems). GITTL, 1855.

Translated by I. M.



